1-The photoelectric effect a t m etal surfaces is of great im portance and m any attem pts have been made to explain its main features, b u t an exact theory presents great difficulty. One of the best and most recent is th a t of Mitchell (1934 Mitchell ( , 1936 , who considered an idealized model in which the potential barrier a t the surface was a simple step; the field of the light wave was calculated by the classical optical theory, assuming th a t the optical constants change abruptly a t the surface.
the perturbation of the wave function u of a single electron. This current density is given by where -e is the charge and m the mass of the electron. The current densities due to all the conduction electrons are added together to form a resultant J . When this is inserted into Maxwell's equations we have a set of integrodifferential equations for 0 and A. The present m ethod amounts to using the unperturbed wave function in (1), which is equivalent to neglecting the first term; the problem is then much simpler. By this approximation we have excluded radiation damping (collision damping is neglected in both theories and is unim portant except in the far infra-red); the dielectric constant of the space near the surface, which of course varies with the co-ordinate x, then depends only on the electron density, and not on the individual electronic states. I t is shown in §4 th a t to the degree of approximation which Schiff and Thomas find manageable the two theories lead to the same expressions for the field, except a t the point where the dielectric constant vanishes, the difference there being ascribed to the omission by these authors of an im portant term from the perturbed wave equation.
In §5 an expression for the resulting photo-emission is found. I t is shown th a t in Mitchell's formulae for the current in the case he con sidered a factor 2 is omitted, and th a t there is a further error through the omission of the above-mentioned term from the wave equation. The effect of roughness of the surface, on a scale small compared with the wave-length of the light, is briefly discussed in §7. The results calculated for potassium are compared with experimental determ inations of the current, and it is suggested th a t the poor agreement found m ay be due to the use of the simple step potential barrier in place of the type of barrier found by Bardeen (1936) for sodium, which is rounded and has an effective height depending on the momentum of the electron. In (4), ak is a normalizing factor for one electron per cell of phase space; kx may be restricted to positive values, since the inclusion of negative values gives the same states again, and merely alters th e normalizing factor.
Thus in x < 0, Iffcl2 = 2 |a fc |2 [1 -008(2^2+ £&)], giving inside the m etal a m ean partial electron density 2 |^F = 4 K | 2, which m ust be equated to
Here Ads B oltzm ann's constant, T is the absolute tem perature, corresponds to the limit of the Ferm i distribution of m om entum , and j3 will be determined from the relation k0 = (3 7 T (5) n0 being the num ber of conduction electrons per unit volume in the interior of the metal. Thus when T = 0, and also approxim ately a t ordinary tem peratures,
Hence, integrating over all possible values of k, th a t is over the hemisphere in k space of radius k0 lying in kx > 0, the to tal density is, in x 0 n(x) = 2 2 I f * |2 = °[l-cos(2k1x (6) and similarly in x > 0
From (6) we find for the density in the interior of the metal thus, by (5),
2.
x x 10 cm For potassium, assuming the values n0 = 1-35 x 1022, k0 = 7-37 x 107, va = 9-8 x 1014, the resulting density is shown in fig. 1 . I t is seen th a t n(x) becomes constant at a distance inside the surface very much less than the wave-length of light in the neighbourhood of the threshold. The light will thus be totally reflected if
eo being the steady value e takes in the interior of the metal, and k the optical extinction constant of the Drude theory. The wave system near the surface is then stationary, the phase being independent of x. In potassium the inequality (17) is satisfied for frequencies up to 1-04 x lO 15 for normal incidence, and up to 1-62 x 1015 when 0°; above these frequencies the m etal is transparent. (The experim ental value for the frequency a t which the m etal becomes transparent is 0-95 x 1015 when 6 = 0 (Wood 1933) .) The high reflecting power found a t lower frequencies (Frehafer 1920) shows th a t the neglect of dam ping gives a good approxim ation. We assume in the following th a t (17) is satisfied, since this covers the frequencies and angles a t which we are interested in the photoelectric effect.
To solve (16), p u t Hz = De27n,K X lc[l +f(x)], x < 0, w here/ ( -00) = / ' ( -00) = 0, and we have om itted a factor <^exp [ -2niv(t + y sin0/c)],
6$ denoting the real p art. Then
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where primes denote differentiation w ith respect to x. Since the variations in e(x) occupy a length much less th a n a light wave-length, we m ay neglect 2nv(e -e0)/c in comparison w ith ne'. An approxim ate solution satisfying the boundary conditions is then
Thus when
ceo J J and similarly we find approxim ately for x > 0
Hz -^ _ a 2^c o g g p (1 _ e)ig
The constants A, B,D, may be related by joining these solutions in magnitude and gradient a t the point near xx (fig. 1) where n = n0, th a t is, e = e0. The second terms in each square bracket of (20) and (21) are small compared with the first unless e0 is very nearly equal to zero or to sin2 6, though their derivatives are appreciable. W ithout these term s has the form appropriate to a sharp discontinuity in e from e0 to unity, and with them it has still very nearly a constant value Hz (0) over m any electron surface. From the joining conditions we find A = D = HZ( 0)/| " K e0 cos 6' now find Ex and Ey from (10) and (11):
In (23) we may p ut Hz = Hz (0) a t points much less th an a light wave-length from the surface. We see th a t Ex becomes inf vanishes. The roots of the indicial equation of (16) corresponding to solu tions in powers of £ =
x -x0 are 0 and 2, and the solution for term of the form £2log£. Thus from (24) and (16) is logarithmically infinite a t x = x0. I f we take account of damping by putting
then Ex and Ey remain finite a t ,r0. In the following we suppose very small (it is necessarily positive), and th a t is given by (8).
From (21), if Hz ( oo) is the amplitude of //. in the incide wave,
approximately, which is the same relation as for a sharp discontinuity in e. The rate of incidence of energy on the surface is thus 32ttx4-18x 107
3-2-In calculating the photo-emission we require to know the vector and scalar potentials A and 0, also div A, near the surface. These are not uniquely determ ined by E and H ; we m ay impose the condition th a t everywhere or th a t
but not in general both. I f we take the condition (28), div A is not zero (except where de/dx = 0), for this requires div E = 0, whereas div (eE) = 0. In fact the div A so obtained becomes very large near points where e vanishes or changes abruptly. We suppose th a t (28) is the condition satisfied, since the results are then expressible more simply. Let
A(x) = a(x) exp{ -2mv(y sin + 1)} + conjugate;
then from (23) and (24), since
we have, a t points whose distance from the surface is much less th an a light wave-length,~l 
Incident Light Polarized Perpendicular to the Plane of Incidence
3-3-From the equations (13), (1 0 )a n d (ll),/L = Ex = Oeverywhere, and 02 T P 47T2y2 c nz *ndL(Sm2d -e ) 0. a*2 c2 (32)
The wave system is stationary as before, if (17) is satisfied. Let
Ez = Q t f n v K X l c{ J + x<0)
where ^(-o o ) = p '(-o o ) = 0, and a factor exp{ -sin is omitted. Then over the region where e is sensibly different from e0, and g from zero,
so, neglecting the second term on the left,
We see from (33) Schiff and Thomas have taken 0 = 0 for all x, b u t as we ha we cannot om it the term in div A in (36) as these authors have done.
The current coherent w ith the light wave is given for th e pair j* of electrons w ith wave function u by
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and this integro-differential equation has to be solved for A. A fter some approxim ation Schiff and Thom as reduce (39) to the form
The equation corresponding to (39) on the basis of § 3, when = 0, is
Thus any difference between the results of the two m ethods is due to the first term on the right side of (39), which does not appear in (41) electrons oscillate. The term in question in (39) gives the effect of radiation damping, which we have thus neglected. This term leads to the integral in the denominator in (40), which Schifif and Thomas show to be negligible except as to the sign of its imaginary p art a t the zero of h(x). They find th at the sign changes a t v = 6-13 x 1014 in the case of potassium; s they have om itted the term in div A from (36), this needs re-examination.
Equation (40) is equivalent to our (23), except near the zero of h(x), for it may be shown th a t 47rV2 h(x) = in the case they have considered with the potential barrier a t the surface an infinite jump; and also th a t X = ^r H e(0) sin# in terms of the present notation. Corresponding to the imaginary p art in the denominator of (40) is the im aginary p a rt e2 of e in the denominator of (23) arising from slight damping. The change of sign which Schifif and Thomas deduced would mean negative damping a t some frequencies.
Thus we see th a t the present m ethod of calculating the field gives results closely approximating to those of the more accurate quantum theory of reflexion.
T he P hotoelectric Current 5-We gave in §4 the first-order equation (37) for the perturbation pro duced by the light wave, and in this we p u t = 0 in accordance with (28). Mitchell (1934, equations (12) , (57), (61)) has found by the method of variation of constants the solution vk for x large and positive, when stim u lated emission is neglected, of the equation
with uk = rjrk exp( + from which (37) differs in th a t on the right side replaces A • grad uk -f \uk div A j A • grad uk, j (43) and the sign of the second term of (42) is changed to the more usual minus. I t is easily verified th a t we m ay use M itchell's solution of (42) for vk outside the metal, on making in it the substitution (43 
and a convergence factor e7x, where 0 is used in x < 0. Making the substitution (43), we replace 6r0(k) in (45) 
--H w d J J ; ' (^f 10{k]
The yield in coulombs per calorie is then given by combining (49) and (27) or (35) according to the state of polarization of the incident light.
Calculations for P otassium
6-To simplify the integrations in (48), we suppose n(x) to be given by the broken line in fig. 1, so th 
The values of x a t which e = 0 are there shown for the threshold frequency vg = 4-84 x 1014, and for two higher frequencies. I t is clear th a t the difference between this approximate variation of n and the more accurate one near the tail of the curve will not be im portant a t frequencies above the threshold. There will be some error in the im m ediate neighbourhood of the frequency Vq = 1 -04 x 1015 a t which e0 = 0, bu t m any of the relations of § 3 are not then valid in any case.
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Polarization in the Plane of Incidence 6-1-From (48), (30) and (31) icHz ( 0) 
J X X J X ! I
which is found to make a negligible contribution to Cr(k); so, writing 8m> 6r(k)
we have (53) on integration by parts. I f y < y0, the integrand has a pole a t the point x0 where ex vanishes, and a residue term contributes to L (^). The integral over the ranges x < x± and x > x 2 is easily expressed exactly, and over the range xx < x < it may be evaluated with the aid of cosine-and sine-integral tables, or by putting the integrand into the form
where and integrating the second expression graphically between the limits
Xi, %2'
When (53) is evaluated, using the expressions (46) and (47) for and xr and (25), (50) for e, we have from (49) -e3sin2<9ffg(0)2 f fc« rfc2(fc2-fc 2)
Mn5m2i> av2 J o,Wva-v)]i (q + r)2 \L{lc1)\2dkl,
the zero limit of integration being taken if v > v a. From (27) and (54), on giving the constants their numerical values, the following expression is obtained for the photoelectric yield from potassium in coulombs per calorie, when the polarization is in the plane of incidence: 
This expression for P (|, when 6 = 50°, is plotted in fig. 3 against (v -vg) /vg, vg being the threshold frequency. I t is to be noted th a t (55) is only valid when the light waves form a stationary system a t the metal surface, th a t is, when the inequality (17) is satisfied. The derivation also breaks down in the immediate neighbourhood of the frequency v0 a t which e0 = 0.
Polarization Perpendicular to the Plane of Incidence
6*2-We have in this case A x -A y = div A = 0, and Az is given by (33). If Ez were strictly constant near the surface, Cr(k) would vanish identically; actually the difference of (33) from a constant value is so small over many electron wave-lengths from the surface th a t the resulting yield P± is esti mated to be of the order 10~12 coulombs per calorie, which is quite negligible.
Comparison with Mitchell's Results
6-3-On reducing to zero w idth the region in which e changes from unity to e0, we obtain from (53) and (54) the photoelectric current in the case which Mitchell (1934 Mitchell ( , 1936 considered. In (50) let x x and x 2 approach zero; we then find from (53)
o v F ig . 3-Calculated spectral distribution curve for potassium. The photoelectric emission in coulombs per calorie for light incident at 50° and polarized in the plane of incidence is shown.
If, on the other hand, as Mitchell has done, we neglect d iv a (which we have seen in § 3*2 to be zero except in the now vanishingly thin transition region) in (37) and (48), the L{k±) so obtained is the same as (56) except th a t the last term does not appear. This result is wrong, for we see from (31) th a t d iv a approaches infinity throughout the transition region as this approaches zero width, and the contribution to G(k) does not vanish.f M itchell's results are therefore in error, and the term neglected is im portant, especially to wards the frequency a t which e0 vanishes.
We may make the further criticism th a t in his calculations of P N for potassium, the extinction constant k , for which we found the value (18), is taken as th a t found experimentally for normal incidence a t v 5-1 x 1014, namely 1-5. However, k is seen to vary rapidly w ith v and 6, so th a t the approximation is a poor one since P K depends markedly on k. V F ig . 4-Experimental spectral distribution curve for potassium (Klauer), for un polarized light at oblique incidence. The height of the maximum lies between 0*5 and 1 x 10-4 coulombs per calorie.
We have therefore recalculated P\\ for potassium assuming th a t the dielectric constant changes abruptly a t x = 0, and th a t k is given by (18) with Q = 50°, using the formulae here established. The resulting curve is shown in fig. 5 , and may be compared with fig. 3 to show th a t the effect of making the transition region for the optical constants of finite width is to increase the photoelectric current considerably a t frequencies below vQ . The increased values of | L(k1) |2 responsible for this arise largely because of the residue term mentioned in § 6T. the surface as a whole m ay yet have a component of its electric vector in the plane of incidence to an elem ent of surface, and it is then much more effective in producing photo-emission.
We discuss briefly the effect on the currents here deduced, when the scale of the irregularities is small compared w ith a light wave-length b u t much larger th an the electron wave-lengths; such irregularities will usually exist even on an optically smooth face of the m etal. We suppose th e surface divisible into small flat areas d S , inclined to the m ean norm al a t the angles a, as in fig. 6 , the angle j3 having a random distribution between 0 and 2n; this should be a fair approxim ation to a poly crystalline m irror surface. The electron distribution neard S will be as in fig. 1, b u t w ith x' , the co-ordinate norm al to dS, replacing x. We now have e = e(x, y , z) . 7*1-Suppose th a t the electric vector of the incident light lies in the plane of incidence to the surface as a whole. E quations (7) now give, in place of (16),
b u t since the variations in e occupy a length much less extended in the x direction th a n c/27tv, H will be to a good approxim ation unaltered by the roughness, so we have as before Hx = 0, and we may put = Hz (0) near the surface. Since only the resolved p art of the light wave polarized in the plane of incidence to dS is effective in producing emission from it, we may assume the current density normal to dS to be dJ\{6, Hz{ 0)} = 0) cos $5
where the term on the right is the current calculated from (54) for an angle of incidence O' and with Hz( 0) cos < f> replacing 0). In e emission of the surface is measured, so we do not take the resolved p art of dJ\j in the x direction, as Mitchell (1936) has done. We neglect emitted electrons which re-enter the surface, their num ber being small if the mean value of a is not too large.
If da is the area of the projection of dS on the mean plane of the surface, the current from unit area of this plane is then 
As for a perfectly smooth surface, the energy in calories incident per second on a square cm. of the mean plane is given by (27 
I f the m ean value of a is small, (62) shows th a t P^ is approxim ately equal to P|| (the yield from a perfectly smooth surface).
7-2-I f the light is polarized w ith the electric vector perpendicular to the plane of incidence to the surface as a whole, it m ay be shown from (7) th a t, as for a smooth surface, Ez and Hy vary only slowly over the surface region, since the scale of the fluctuations in e is much less th a n cj2nv. There will be, however, altered vector potentials in this region, given by § 3-2 on replacing Hz(0) there by Hy(0) sin <p (the com ponent of perpendicular to the plane of incidence to dS), and x, 6 by The rate of incidence of energy is given, as for a smooth surface, by ( 
7.3-Since roughness of the kind here treated seems inevitable in experi mental surfaces, we need to have some knowledge of the factors and i?n
These will vary with the particular surface, b u t we m ay assume th a t a, the mean value of a, is of the order 15°. Then, if 0 is larger th an about 50°, 2?u reduces to approximately sin2#, and P whil sin2 a 2 cos a '
When 6 = 0, i?u and P ± are both given approxim ately by (67); we have then for the yield, provided th a t e0 < 0 so th a t the wave system is stationary, and if a is not too large,
2 cos a *
In principle a may be determined by fitting (64) or (65) to the experi mentally found angular selectivities a t any particular frequency.
The dependence on 6 should be approxim ately as sin2 0 cos 0j{ 1 -(1 + e0) cos2 6}
for P'p and as cos 0( sin2 0 -e0) for Pf. T Pf calculated from (64) is shown in fig. 7 , where Pf/R i is plotted for 0 = 50°.
D iscussion
8-I t is difficult to find a basis for close comparison of the theory with reliable experiments. The most recent results for thoroughly outgassed potassium are those of K lauer (1934) with unpolarized light a t an angle of incidence presumably about 50°, shown in fig. 4 . He concludes th a t the comparatively high selective maxima found previously were due to gas contaminating the surface. The absolute magnitudes of the yields he obtained were not, however, measured precisely, being between 5 and 10 x 10 r> coulombs per calorie of incident energy a t the maximum, the latter value being used in fig. 4 . The calculated value of the yield P for unpolarized light will be ^(P,J + Pj_), but, since the roughness constants are unknown, Pj_ cannot be given precisely. However, it is reasonable to compare \Pw (from fig. 3 ) w ith K lauer's curve for P . The theoretical curve is seen to be too high near the m axim um by a factor of about 20, and the maximum occurs a t too high a frequency. The dependence of PjJ and P | on 6 agrees w ith the general findings of experim ent, b u t P^ as here calculated shows a strong selective m aximum near v = 1015, whereas no such effect is actually found. E quation (65) shows th a t P £ and PjJ have not the same dependence on frequency.
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W ith regard to the discrepancy in the m agnitude of P\\, it is seen th a t M itchell's suggestion th a t taking into account the gradual transition of the optical constants a t the surface, while retaining the square potential barrier, fails to improve the agreem ent w ith experim ent. In fact, as a comparison of figs. 3, 4 and 5 shows, the agreem ent is not as good.
There rem ain the following sources of error: the simple step potential barrier is a poor approxim ation to th a t actually existing, and no account has been taken of the periodicity in the yz plane of the surface field. Bardeen (1936) has found the charge distribution and the form of the barrier in the case of sodium; the barrier extends over a distance comparable w ith the average electron wavelength, and its effective height depends on Jcv I t would not be surprising if the current given by such a model differed con siderably from the present result in m agnitude and frequency variation, because both the probability of excitation of an electron in the altered surface field and the probability of its escaping would be different. A similar method 2 of calculation is applicable, but the complication is of course increased. The yields given by fig. 3 may be expected to apply to a m etal surface at which contamination has made the barrier more like a simple step.
The experimental curves for the photoelectric yield from potassium show a rise above a frequency of about 1-2 x 1015. As we have seen in § 31, the light wave is no longer a simple decreasing exponential inside the metal when v exceeds a limit given by (17), bu t will then extend for several wave lengths into the metal unless the damping is very great. We may then expect the volume photoelectric effect (Tamm and Schubin 1931) to become more im portant, and perhaps to be responsible for the rise mentioned above.
The author wishes to thank Mr. A. H. Wilson for suggesting this investi gation, and for his constant help and interest. Summary 9-I t is shown th at, using the Sommerfeld model of a metal, a classical calculation of the field of an incident light wave (near the surface) gives to a close approximation the same results as the quantum theory of metallic reflexion of Schiff and Thomas. An expression is obtained for the photo electric current arising a t the surface of such a metal, taking account of the variation of the field of the light wave near the surface, on the lines of the theory given by Mitchell in which this variation is neglected. The calculated emission for potassium is compared w ith recent experimental results at frequencies near the selective maximum; various suggestions are made as to the lack of close agreement found. The effect of small-scale roughness on an optically smooth surface is also briefly discussed. Errors are pointed out in the theories of Mitchell and of Schiff and Thomas.
